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Abstract We consider the nonlocal analogue of the Fisher-KPP equation 

U t = fi*U-U + f(u), 

where \i is a Borel-measure on M. with = 1 and / satisfies /(0) = 

/(l) = and / > in (0, 1). We do not assume that \i is absolutely 
continuous with respect to the Lebesgue measure. We show that there is 
a constant c* such that it has a traveling wave solution with speed c when 
c > c* while no traveling wave solution with speed c when c < c*, provided 
J" R e~ Xy dfi(y) < +oo for some positive constant A. We also show that it has 
no traveling wave solution, provided /'(0) > and J y£R e~ Xy dfi(y) = +oo for 
all positive constants A. 
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1 Introduction 



In 1930, Fisher [8] introduced the reaction-diffusion equation u t = u xx + 
u{l — u) as a model for the spatial spread of an advantageous form of a single 
gene in a population. He [9] found that there is a constant c* such that the 
equation has a traveling wave solution with speed c when c > c* while it 
has no such solution when c < c*. Kolmogorov, Petrovsky and Piskunov 
[16] obtained the same conclusion for a monostable equation u t = u xx + f(u) 
with a more general nonlinearity /, and investigated long-time behavior in 
the model. Since the pioneering works, there have been extensive studies on 
traveling waves and long-time behavior for monostable evolution systems. 

In this paper, we consider the following nonlocal analogue of the Fisher- 
KPP equation: 

(1.1) U t = /! * U — U + f{u). 

Here, /i is a Borel-measure on K. with /x(ffi) = 1 and the convolution is defined 
by 

(H * u) (x) := / u(x - y)d/i(y) 

JyeM. 

for a bounded and Borel-measurable function u on R. The nonlinearity / 
is a Lipschitz continuous function on 1R with f(0) = f(l) = and / > 
in (0, 1). Then, G(u) := /i * u — u + f{u) is a map from the Banach space 
L°°(M) into L°°(M) and it is Lipschitz continuous. (We note that u(x — y) is 
a Borel-measurable function on M 2 , and 1 1 u 1 1 x,°° (he.) — implies \\jj, * u\\ L i^ < 
JyentdxeM. \ u ( x ~y)\dx)dfi(y)=0.) So, because the standard theory of ordinary 
differential equations works, we have well-posedness of the equation (1.1) and 
it generates a flow in L°°(]R). 

For the nonlocal monostable equation, Atkinson and Reuter [1] first stud- 
ied existence and nonexistence of traveling wave solutions. Schumacher [21, 
22] showed that there is the minimal speed c* of traveling wave solutions 
and it has a traveling wave solution with speed c when c > c*, provided 
the extra condition f(u) < f'(0)u and some little ones. Here, we say that 
the solution u(t,x) is a traveling wave solution with profile ip and speed c, 
if u(t,x) = ip(x — x + ct) holds for some constant x with < ip < 1, 
oo) = and ^(+oo) = I. Further, Coville, Davila and Martinez [6] 
proved the following theorem: 
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Theorem ([6]) Suppose the nonlinearity f E C 1 (M) satisfies f'(l) < and 
the Borel-measure ji has a density function J e C(R) 



/or some positive constant X. Then, there exists a constant c* such that the 
equation (1.1) has a traveling wave solution with monotone profile and speed 
c when c > c* while it has no such solution when c < c*. 

Recently, the author [28] also obtained the following: 

Theorem ([28]) Suppose there exists a positive constant X such that 



holds. Then, there exists a constant c* such that the equation (1.1) has 
a traveling wave solution with monotone profile and speed c when c > c* 
while it has no periodic traveling wave solution with average speed c when 
c < c*. Here, a solution {u(t,x)} t m C L°°(R) to (1.1) is said to be a 
periodic traveling wave solution with average speed c, if there exists a positive 
constant r such that u(t + t,x) = u(t,x + cr) holds for all t and x e R with 
< u(t,x) < 1, \\m x _> +00 u(t,x) = 1 and \\u(t,x) — 1||l°°(k) 7^ 0. 

The goal of this paper is to improve this result of [28], and the following 
two theorems are the main results: 

Theorem 1 Suppose there exists a positive constant X such that 



holds. Then, there exists a constant c* such that the equation (1.1) has 
a traveling wave solution with monotone profile and speed c when c > c* 
while it has no periodic traveling wave solution with average speed c when 
c < c*. Here, a solution {u(t,x)} t m C L°°(R) to (1.1) is said to be a 
periodic traveling wave solution with average speed c, if there exists a positive 
constant r such that u(t + t,x) = u(t,x + cr) holds for all t and i6R with 
< u(t,x) < 1, lim^+oo u(t, x) = 1 and \\u(t,x) — 1||l°°(r) 7^ 0. 
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Theorem 2 Suppose the nonlinearity f e C 1 (R) satisfies 



r (o) > o. 



Suppose the measure \i satisfies 



e Xy d/j,(y) = +oo 



/or all positive constants A. TTien, £/ie equation (1.1) has no periodic traveling 
wave solution. 

In these results, we do not assume that the measure \i is absolutely continuous 
with respect to the Lebesgue measure. For example, not only the integro- 
differential equation 



satisfies the assumption of Theorem 1 for the measure [i. In order to prove 
these results, we employ the recursive method for monotone dynamical sys- 
tems by Weinberger [25] and Li, Weinberger and Lewis [17]. We note that 
the semiflow generated by the equation (1.1) does not have compactness with 
respect to the compact-open topology. 

Schumacher [21, 22], Carr and Chmaj [3] and Coville, Davila and Martinez 
[6] also studied uniqueness of traveling wave solutions. In [6], we could see 
an interesting example of nonuniqueness, where the equation (1.1) admits 
infinitely many monotone profiles for standing wave solutions but it admits 
no continuous one. See, e.g., [5, 7, 10, 11, 12, 13, 14, 15, 18, 19, 23, 24, 26, 27] 
on traveling waves and long-time behavior in various monostable evolution 
systems, [2, 4] nonlocal bistable equations and [20] Euler equation. 

In Section 2, we recall abstract results for monotone semiflows from [28]. 
In Section 3, we give basic facts for nonlocal equations in L°°(R). In Section 
4, we prove Theorem 1. In Section 5, we recall a result on spreading speeds 
by Weinberger [25]. In Section 6, we prove Theorem 2. 



du 
Hi 




but also the discrete equation 



du 
~di 



(t, x) = u(t, X 



l)-u(t,x) + f(u(t,x)) 
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2 Abstract results for monotone semiflows 

In this section, we recall some abstract results for monotone semiflows 
from [28] . Put a set of functions on M; 

M. := {u | u is a monotone nondecreasing 

and left continuous function on R with < u < 1}. 
The followings are basic conditions for discrete dynamical systems on M: 

Hypotheses 3 Let Q be a map from M into M. . 

(i) Q is continuous in the following sense: If a sequence {uk}k<=m C M. 
converges to u G Ai uniformly on every bounded interval, then the sequence 
{Qo[ u k]}keN converges to Qo[u] almost everywhere. 

(ii) Qo is order preserving; i.e., 

Ui < u 2 =^ Qo[ui\ < Qo[u 2 } 
for all u\ and w 2 G M.. Here, u < v means that u(x) < v(x) holds for all 

x e R. 

(hi) Qo is translation invariant; i.e., 

T xo Qo = QqT X0 

for all xq G M. Here, T xo is the translation operator defined by (T xo [«])(•) : = 
u(- - x ). 

(iv) Q is monostable; i.e., 

< a < 1 a < Qo[a] 

for all constant functions a. 

Remark If Q satisfies Hypothesis 3 (hi), then Q maps constant functions 
to constant functions. 

We add the following conditions to Hypotheses 3 for continuous dynamical 
systems on M: 

Hypotheses 4 Let Q := {<3*}te[o,+oo) ^ e a family of maps from M. to M.. 

(i) Q is a semigroup; i.e., Q l o Q s = Q t+S for all t and s G [0, +oo). 

(ii) Q is continuous in the following sense: Suppose a sequence {tk\ken C 
[0, +oo) converges to ; and u G M.. Then, the sequence {Q tk [u]} k€N con- 
verges to u almost everywhere. 
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From [28], we recall the following two results for continuous dynamical 
systems on M: 

Theorem 5 Let Q t be a map from M to M for t G [0, +oo). Suppose Q l 
satisfies Hypotheses 3 for all t G (0, +oo) 7 and Q := {Q*}te[o,+oo) Hypotheses 
4. Then, the following holds : 

Let cel. Suppose there exist r G (0, +oo) and <fi G M. with (Q T [(p})(x — 
ct) < 4>{x), 0^0 and 0^1. Then, there exists ip G Ai with ip(-oo) = 
and ■0(+oo) = 1 such that (Q t [ip])(x — ct) = tp(x) holds for all t G [0, +oo). 

Theorem 6 Let Q l be a map from Ai to Ai for t G [0, +oo). Suppose Q l 
satisfies Hypotheses 3 for all t G (0, +oo) 7 and Q := {Q*}te[o,+oo) Hypotheses 
4. Then, there exists c* G (— oo, +oo] such that the following holds : 

Let cGR. Then, there exists tp G A4 with tp(-oo) = and ip(+oo) = 1 
such that _ ct) = tp(x) holds for all t G [0, +oo) if and only if 

c> c*. 



3 Basic facts for nonlocal equations in L°°(R) 

In this section, we give some basic facts for the equation 
(3.1) Ut = ft*u + g( y u) 

on the phase space L°°(M). First, we have the comparison theorem for (3.1) 
on L°°< 



Lemma 7 Let fi be a Borel-measure on R with /t(M) < +oo. Let g be a 
Lipschitz continuous function on M. Let T G (0, +oo) 7 and two functions u 1 
andu 2 G ^([O, T], L°°(M.)). Suppose that for any t G [0,T], the inequality 



u 



}-(fi*u 1 + giu 1 )) < u\ -(fi*u 2 + g(u 2 )) 



holds almost everywhere in x. Then, the inequality u x (T,x) < u 2 (T,x) holds 
almost everywhere in x if the inequality ■u 1 (0,a;) < u 2 (0,x) holds almost 
everywhere in x. 

Proof. Put K G R by 

(3.2) K:=- inf 9(u + h) - g(u) 

h>0,u£R h 
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and v G C^QO, T], L°°(R)) by 

(3.3) w(t) -e^'^-^ft). 
Then, we have the ordinary differential equation 

(3.4) -= -.F(t,v) 

in L°°(R) with u(0) = {u 2 - u 1 )(0) as we define a map F : [0,T] x L°°(R) 
L°°(R) by 



F(t, w) := fi*w + Kw + e Kt (g(u\t) + e~ Kt w) - g{u\t))) + e Kt a(t), 
where 



a : = 



For any t G [0,T], we see the inequality 

(3.5) a(t,x)>0 

almost everywhere in x. Take the solution v G C 1 ([0, T], L°°(R)) to 

(3.6) v(t)=v(0)+ f m&x{F(s,d(s)),0}ds. 

Jo 

Then, for any i G [0,T], we have 

(3.7) v(t, x) > v{0, x) = (u 2 - m 1 ) (0, x) > 

almost everywhere in x. By using (3.2), (3.5) and (3.7), for any t G [0, T], we 
also have the inequality F(t,v(t)) > almost everywhere in x. Hence, from 
(3.6), v(t) is the solution to the same ordinary differential equation (3.4) in 
L°°(R) as v(t) with v(0) = v(0). So, in virtue of (3.3) and (3.7), 

(u 2 - u l ){T, x) = e~ KT v(T, x) = e~ KT v(T, x) > 

holds almost everywhere in x. ■ 

The following lemma gives a invariant set and some positively invariant 
sets of the flow on L°°(R) generated by the equation (3.1): 
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Lemma 8 Let fi be a Borel-measure on R with /t(R) < +00. Let g be a 
Lipschitz continuous function on R. Then, the fallowings hold : 

(i) For any uq G BC(M), there exists a solution {u(t)}tem C -BC(R) to 
wzt/i «(0) = Mo- Here, BC(R) denote the set of bounded and continuous 

functions on R. 

(ii) Suppose a constant 7 satisfies 7/i(R) + #(7) = 0. // it £ L°°(R) 
satisfies 7 < tt , £/ien i/iere exists a solution {u(t)}te\o,+<x) C L°°(R) to 
withu(0) = Uq and'-f < u(t). Ifuo G L°°(R) satisfies uq < 7, £/ien i/iere exists 
a solution {u(t)} t e[o,+oo) C L°°(R) to ^.ij mi/i w(0) = w and < 7. 

(iii) //mo «5 a bounded and monotone nondecreasing function on 1, then 
there exists a solution {n(t)} te [ +oo ) C L°°(R) to (3.1) with u(0) = u such 
that u(t) is a bounded and monotone nondecreasing function on R for all 
t G [0, +00). If uq is a bounded and monotone nonincreasing function on R 7 
then there exists a solution {u(t)} t e[o,+oo) C L°°(R) to (3.1) with u(0) = u Q 
such that u(t) is a bounded and monotone nonincreasing function on R for 
all t G [0, +00). 

Proof. We could see (i), because BC(R) is a closed sub-space of the Banach 
space L°°(R) and u G BC(R) implies fi*u + g(u) G BC(R). 

We could also see (ii) by using Lemma 7, because the constant 7 is a 
solution to (3.1). 

We show (iii). Suppose uq is a bounded and monotone nondecreasing 
function on R. We take a solution {u(t)} te[o,+oo) C L°°(R) to (3.1) with 
u(0) = u . Let t G [0, +00) and h G [0,+oo). Then, by Lemma 7, we 
see u(t,x) < u(t,x + h) almost everywhere in x. We take a cutoff function 
p G C°°(R) with 

\x\ > 1/2 =>- p(x) = 0, 
\x\ < 1/2 =>• > 

and 

p(x)dx = 1. 

_eR 
As we put 

Un(x):= / 2>(2"(x-n))n(t,n)^ 

for n G N, we see v n (x) < v n (x + /i) for all rr G R. Therefore, v n is 
smooth, bounded and monotone nondecreasing. By Helly's theorem, there 
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exist a subsequence n& and a bounded and monotone nondecreasing func- 
tion ijj on R such that lim^oo v rik (x) = ip(x) holds for all x e R. Then, 
\\u(t, x) - i[)(x) \\ L \[-c,+c\) < hm fc ^ 00 ( \\u(t, x) - v nk (x) \\ L i {[ _ c ,+c}) + \\v nit (x) - 
ip(x)\\i,i(i-c,+c})) — holds for all C G (0, +00). Hence, we obtain \\u(t, x) — 
iI>(x)\\l°°(r) =0. ■ 

Lemma 9 Let ft be a Borel-measure on R with /t(R) < +00. Let {u n }^ =1 
be a sequence of bounded and continuous functions on R with 



Suppose the sequence {u n }^ =1 converges to uniformly on every bounded 
interval. Then, the sequence {ft * ■u n }^ ( L 1 converges to uniformly on every 
bounded interval. 

Proof. Let e G (0, +00). We take a positive constant C such that 



sup |w„(a;)| < +00. 




holds. Then, because 



K/i* u n )(x)\ < / \u n (x - y)\dft(y) + / \u n (x - y)\dft(y) 

Jye{-C,+C) Jyem\{-C,+C) 




holds, we have 




for all I G (0, +00). Hence, we obtain 



limsup sup I {fi * u n ) ( x) I < e 

n-»oo xe[-I,+I] 



for all / G (0,+oo). 
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Proposition 10 Let ft, be a Borel-measure on R with /t(M) < +oo ; g a 
Lipschitz continuous function on M., and T a positive constant. Let a sequence 
{u n }™ =0 C C 1 ([0,T],L oo (R)) of solutions to the equation (3.1) satisfy 

sup \u n (0,x) — u (0,x)\ < +oc. 

Suppose 

lim sup \u n (0, x) — u (0, x)\ — 

/ioWs /or a// positive constants I. Then, 

lim sup ||u„(f,a;) - u (t,x)\\ L oo {[ _j !+J]) = 

n -*°°t6[0,T] 

/ioWs /or a// positive constants J. 

Proof. First, we take a sequence {w n }^ =1 of nonnegative, bounded and 
continuous functions on R with 

(3.8) sup < +oo 

such that {w n }™ =1 converges to uniformly on every bounded interval and 

(3.9) \u n (0,x) - u o (0,x)\ < w n (x) 

holds for all n G N and i£l. Let A denote the bounded and linear operator 
from the Banach space BC(R) to BC(R) defined by 

Aw := fi* w. 

From (3.8), we see sup neN >xeR \ (A k w n )(x)\ < +oo for all k — 0, 1, 2, • • • . 
Hence, because of lim^oo sup xg [_j j+ /| |u> n (x)| = for all / G (0,+oo), by 
Lemma 9, we have 

(3.10) lim sup \(A k w n )(x)\ = 

for all J G (0, +oo) and k = 0, 1, 2, • • • . 
Let 7 denote the constant defined by 

g(u + h) - g{u) 
7 := sup . 

h>0,u£R it 
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Then, we consider the following two sequences {i^^Li and C C 1 

([0,T],L°°(R)) defined by 



v n (t,x) := u (t,x) - e 1t (e At w n )(x) 



and 



v n (t,x) := u (t,x) + e l \e At w n )(x). 



Because (e At w n )(x) is nonnegative for all n G N, £ G [0, +00) and x G M, the 
function v n is a sub-solution to (3.1) and v n is a super-solution to (3.1) for 
all n G N. So, by Lemma 7 and (3.9), for any 116N and £ G [0, T], 



(3.11) 



K(£,x) -« (*,a;)| < e t \e At w n )(x) 



holds almost everywhere in x. 

Let e G (0, +00). We take iV G N such that 



(1 



7 Tn [ (T||i|| B C(R)^i3C(R)) fc \ / 



SUp |U> n (XJ 
\nSN,a;GM 



< £ 



holds. Then, in virtue of (3.11), we see 



\u n (t,x) - tto(i,a;)||Loo([_j >+ j]) < sup |e 7 *(e j4 *w n )(a;)| 

xe[-J,+J] 



= e 



7* 



sup 

xe[-J,+J] 



vfc=7V 



A:!' 



'AT-1 



<(l + e^) £ 



.fc=0 



fc! 



sup \(A k w n )(x)\ I ) +e 
xe[-J,+J] 



for all J G (0, +00), n G N and £ G [0,T]. So, by (3.10), we obtain 
limsup sup \\u n (t,x) - u (t,x)\\ L oo {[ _j t+J]) < e 

n->oo te[0,T] 



for all J G (0, +00) 
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4 Proof of Theorem 1 



In this section, we prove Theorem 1 by using the results of Sections 2 and 
3. The argument in this section is almost similar as in [28]. First, we recall 
that p is a Borel-measure on R with p(R) = 1, / is a Lipschitz continuous 
function on R with /(0) = f(l) = and / > in (0,1) and the set M 
has been defined at the beginning of Section 2. Then, in virtue of Lemmas 
7, 8 and Proposition 10, Q f (t G (0, +oo)) satisfies Hypotheses 3 and Q 
Hypotheses 4 for the semiflow Q = {<5*}t G [o,+oo) on M. generated by (1.1). 
So, Theorems 5 and 6 can work for this semiflow on M. 

If the flow on L°°(R) generated by (1.1) has a periodic traveling wave 
solution with average speed c (even if the profile is not a monotone function), 
then it has a traveling wave solution with monotone profile and speed c: 

Theorem 11 Let cGM. Suppose there exist a positive constant r and a so- 
lution {u(t, x)}teR C L°°(R) to (1.1) with < u(t,x) < 1, \im x ^ +OQ u(t,x) = 
1 and \\u(t,x) — 1||l°°(r) 7^ such that 



holds for all t and x e R. Then, there exists ijj e A4 with ip(-oo) = and 
ip(+oo) = 1 such that {ip(x + ct)} te ^ is a solution to (1.1) '■ 

Proof. Put two monotone nondecreasing functions tp(x) := max{a G 
R | a < u(0, y) holds almost everywhere in y G (x, +oo)} and <p(x) := lim^+o 
<p(x — h). Then, G M, <p{— oo) < 1 and 0(+oo) = 1 hold. We take a cutoff 
function p G C°°(R) with 



u(t + t,x) = u(t, x + cr) 



x + l/2\ > 1/2 



p{x) = 0, 



x + 1/2| < 1/2 =>- > 



and 




As we put 



for n G N, we see < v n . Let G N. Because of lim,,,^,. 
u(0, x)||x,i([_jv,+jv]) — 0, there exists a subsequence such that lim, 




oo ||^ , n(^') 
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= u(0, x) almost everywhere in x G [— N, +N]. Therefore, we have <f>(x) < 
u(0,x) almost everywhere in x G IBL So, by Lemma 7, we obtain Q T [<f)](x — 
ct) < u(t,x — ct) = u(0,x) almost everywhere in x. Hence, because 
Q T [4>]{x — cr) < (fi(x) holds, we get Q T [(f>}(x — ct) < (f>(x). Therefore, by 
Theorem 5, there exists ip G M. with oo) = and vp(+oo) = 1 such that 
Q l [i)}{x - ct) = tp(x) holds for all t G [0, +00). ■ 

The infimum c* of the speeds of traveling wave solutions is not —00, and 
there is a traveling wave solution with speed c when c > c*: 

Lemma 12 There exists c* G (—00, +00] such that the following holds : 

Let cel. Then, there exists ip G M. with ip(—oo) = and ip(+oo) = 1 
such that {ip(x + ct)} t eR is a solution to (1.1) if and only if c > c*. 

Proof. It follows from Theorem 6. ■ 

Proof of Theorem 1. 

Let c* be the infimum of the speeds of traveling wave solutions with mono- 
tone profile. Then, in virtue of Theorem 11 and Lemma 12, it is sufficient if 
we show c* 7^ +00. 

Take K G [0, +00) such that 

K>m&x\ [ e' Xy d^{y),fi{M) X - 1 + sup^. 
As we put <f>(x) := min{e Xx , 1} G M., we see 

(/i * 0) (x) < min I ( jf r e- x ^(y)^j c x \ /i(R) } 

< max J / e- Xy d/i(y), /i(R) i 
So, e Kt (p(x) is a super-solution to (1.1), because of 

e**(/x * 0) - + /(e X V) < Ke Kt <j>. 

Hence, by Lemma 7, we obtain Q 1 [(f)}(x) < e K (f)(x) < e x( * x+ ^\ and Q 1 [(/)](x — 
y) < 0(a;). Therefore, from Theorem 5, there exists ip E M. with ip(-oo) = 
and V(+oo) = 1 such that Q*[^](x - ft) = ip(x) holds for all t G [0, +00). 
So, c, < f holds. ■ 
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5 A result on spreading speeds by Weinberger 



In this section, we recall a result by Weinberger [25]. It is used to prove 
Theorem 2 in Section 6. Put a set of functions on R; 

B := {u | u is a continuous function on R with < u < 1}. 



Hypotheses 13 Le£ Qo be a map from B into B. 

(i) Qo is continuous in the following sense: If a sequence {uk}km C B 
converges to u G B uniformly on every bounded interval, then the sequence 
{(Qo[ u k])(x)}k<=N converges to (Q [u])(x) for all x G R. 

(ii) Qo is order preserving; i.e., 

u 1 <u 2 ^ Qo[ui] < Qo[u2] 
for all Ui and u 2 G B. Here, u < v means that u(x) < v(x) holds for all 

(iii) Qo is translation invariant; i.e., 

T XQ Qo = QqT X0 

for all xq G R. Here, T XQ is the translation operator defined by (T Xo [u])(-) : = 

u(- - X )._ 

(iv) Qo is monostable; i.e., 

< a < 1 a < Qo[a] 
for all constant functions a, and Qo[0] = 0. 

Remark If Q satisfies Hypotheses 13 (ii) and (iii), then Q maps monotone 
functions to monotone functions. 

Theorem 14 Let a map Q : B — > B satisfy Hypotheses 13. Let a con- 
tinuous and monotone nonincreasing function ip onM, with < ip(— oo) < 1 
satisfy (p(x) = for allx G [0, +oo). Fore G R, define the sequence {a c ,n}^o 
of continuous and monotone nonincreasing functions on R by the recursion 

a c ,n+i(x) := max{(Q [a c , n ])(x + c), </?(x)} 
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with a Ci0 :— (p. Then, 

< a c , n < a c ,n+i < 1 

holds for all c G R and n = 0, 1, 2, • • • . For c£l, define the bounded and 
monotone nonincreasing function a c on R fry 

a c (x) := lim a cn (x). 

Let v be a Borel-measure on R 1 < z/(R) < +oo. Suppose there 
exists a positive constant e such that the inequality 

v * u < Qo[u] 

holds for all u E B with u < e. Then, the inequality 

inf \ log / e Xy du(y) < sup{c G R | a c (+oo) = 1} 

holds. 

Proof. It follows from Lemma 5.4 and Theorem 6.4 in [25] with N :— 1, 
:= R, 7To := 0, 7Ti = 7r + := 1, S 1 ^^ 1 := {±1} and £ := +1. ■ 

From Theorem 14, we have the following: 

Proposition 15 Let ft be a Borel-measure onR with /t(R) = 1. Let Co G R, 

and ip be a monotone nonincreasing function on R m£n V( — °°) — 1 anc ^ 
■0(+oo) = 0. Suppose {tp(x — c t)} ie iR C L°°(R) is a solution to 

(5.1) u t — (i * u — u + f(u). 

Let Qq : B ^ B be the time 1 map o/ iae semifiow on B generated by 
the equation (5.1). Let v be a Borel-measure on R with 1 < z>(R) < +oo. 
Suppose there exists a positive constant e such that the inequality 

u * u < Qo[u] 

holds for all u G B with u < e. Then, the inequality 

inf — log [ e Xy du(y) < cq 
A >° A J yeR 

holds. 
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Proof. We take a continuous and monotone nonincreasing function tp on R 
with < ip(— oo) < 1 and (p(x) = for all x G [0, +oo). For c G 1, we define 
the sequence {a C)n }^L of continuous and monotone nonincreasing functions 
on R by the recursion 

a c ,n+i{x) ■= max{(QoK„])(a; + c), (f(x)} 

with a Cj0 := (p. We also take x G R such that 

<p(x) < tp(x — Xq) 

holds for all x G R. 

Let c G [co, +oo). Then, we show a Ci „(x) < ip(x— xo) for all n = 0, 1, 2, • • • . 
We have a Ct o(x) = (p(x) < ipo(x — x ). As a c , n (x) < ip(x — xo) holds almost 
everywhere in x, 

a C)n+ i(x) < max{(<5oK, n ])(a; + c ), (f(x)} 

< max{t/i(i — x ), <p{x)} = tp(x — x ) 

also holds almost everywhere in x, because ^(x — x$ — cot) is a solution to 

(5.1) . So, for any n = 0, 1, 2, • • • , the inequality a c ^ n (x) < ip(x — x ) holds 
almost everywhere in x. Hence, because a Cj „ is continuous and tp is monotone, 
we have 

(5.2) a c , n (x) < ip(x - x ) 

for all x G R, c G [c , +oo) and n = 0, 1, 2, • • • . Therefore, by Theorem 14, 
(5.2) and ^(+00) = 0, the inequality 

inf i log / e Xy du(y) < sup(R \ [c , +00)) = c 
holds. ■ 



6 Proof of Theorem 2 

In this section, we prove Theorem 2. First, we give a basic fact for the 
linear equation 

(6.1) vt = fi * v 

on the phase space BC(M): 
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Lemma 16 Let fi be a B or el-measure on R with /t(R) < +00. Let P : 
BC(M) — > BC(M) be the time 1 map of the flow on BC(M) generated by 
the linear equation (6.1). Then, there exists a Borel-measure v on R with 
z>(R) < +00 such that 

P[v] = v * v 

holds for all v G BC(R). Further, if v is a nonnegative, bounded and contin- 
uous function on R 7 then the inequality 

v + fl*v<C'*v 

holds. 

Proof. Put a functional P : BC(M) -> R as 

P[v] := (PH)(0). 

Then, the functional P is linear, bounded and positive. Hence, there exists 
a Borel-measure v on R with z>(R) < +00 such that if a continuous function 
v on R satisfies hm\ x \^ 00 v(x) = 0, then 

(6.2) P[v\ = [ v(y)du(y) 



holds. 

Let v G BC(M). Then, there exists a sequence {v n }^ =l C BC(R) with 
su PnGN,a;GR 1^(^)1 < +00 and ]im\ x \^. 00 v n (x) = for all n G N such that 
v n — > f as n — > 00 uniformly on every bounded interval. From Proposition 
10, (6.2) and z>(R) < +00, we have 

P[v] = lim P[v n ] = lim / v n (y)di>(y) = / v{y)dv(y). 

We take a Borel-measure v on R with z/(R) < +00 such that 

£((-°o,j/)) = £((-y,+oo)) 
holds for all y G R. Then, for any t> G 5C(R), we have 

(P[v])(x) = P[v(- + x)] = / + x)dv{y) = (z> * v)(x). 
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Let v be a nonnegative, bounded and continuous function on R. Then, 
in t G [0, +00), the function 

u(t, x) := v(x) + t(fi * v) (x) 

is a sub-solution to (6.1), because of v(x) < u(t,x). Hence, 

v + fi * v < P[v] 

holds. ■ 

Lemma 17 Let p, be a B or el-measure on R with /t(M) < +00. Suppose a 
constant 7 and a Lipschitz continuous function g on R g(0) =0 satisfy 
7 < #'(0). Let P : SC(R) -> fiC(R) be the time 1 map of the flow on 
BC{R) generated by the linear equation 

(6.3) v t = ft * v + jv. 

Let P : BC(R) -> SC(R) &e toe ftme 1 map 0/ the flow on BC(R) gener- 
ated by the equation 

(6.4) v t = fi * v + g(v ). 

Then, there exists a positive constant e such that the inequality 

P[v] < P [v] 
holds for all v G BC(R) with < v < e. 
Proof. We take a positive constant e such that 



holds. Let a function v G BC(M) satisfy < v < e. Then, we take the 
solution v(t,x) to (6.3) with v(0,x) = v(x). We see 



for all t G [0,1]. Hence, from (6.5), in t G [0,1], the function v(t,x) is a 
sub-solution to (6.4). So, the inequality 



(6.5) 




< v(t,x) < ei^+^e < (1 + e A W +7 ) £ 



(P[v])(x)=v(l,x)<(P [v])(x) 



holds. 



We use Proposition 15, Lemmas 16 and 17 to show the following: 
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Lemma 18 Let /'(O) > 0. Suppose there exist c 6 R and ip G M. with 
tp(-oo) = and ip(+oo) = 1 such that {ip(x + ct)} t £m. is « solution to (1.1). 
Then, there exists a positive constant A such that 



s 

JyeM. 



e~ Xy d/j,(y) < +oo 
holds. 

Proof. Let fi be the Borel- measure on M with /t(ffi) = 1 such that 

A((-oo,y)) = n((-y,+oo)) 

holds for all y G K. Let P : BC(M) -> £C(R) be the time 1 map of the 
flow on SC(1R) generated by the linear equation (6.1). Then, by Lemma 
16, there exists a Borel-measure v on H. with z>(IR) < +oo such that for any 
v G BC(R), 

(6.6) P[v] = z> * v 

holds and for any nonnegative, bounded and continuous function v on R, 

(6.7) fi * v < v * v 

holds. Let P : BC(R) -> BC(M) be the time 1 map of the flow on SC(R) 
generated by the linear equation 

/'(0) 

V t — jl * V — V -\ — V. 

Then, from (6.6) and (6.7), as v is the Borel-measure on R defined by 

z/ := e T 2 u, 

we have 

(6.8) = v * v 
for all v G £C(R) and 

(6.9) fi*v<e 1 2-(z/*t>) 
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for all nonnegative, bounded and continuous functions v on R. Because 
j)(R) = (p * 1)(0) = (P[1])(0) = holds from (6.8), we also have 

(6.10) 1 < v(R) < +oo. 

Let Qo : B — > B be the time 1 map of the semiflow on B generated by 
the equation (5.1). Then, from Lemma 17 and (6.8), there exists a positive 
constant e such that the inequality 

v * u = P[u] < Qo[u] 

holds for all u e B with u < e. Further, ip(x — ci) := if)(—(x — ct)) is a 
solution to (5.1). Therefore, by Proposition 15 and (6.10), we obtain the 
inequality 

inf i log / e Xy du(y) < c. 



So, there exists a positive constant A such that 

e Xy du{y) < e A(c+1) < +oo 



/ 



lyem. 

holds. Hence, from (6.9), 



e Xy dfi(y) = [ e Xy djl(y) = lim / min{e Ay , n}dfi{y) 

j/6M JyeM. n->oo J yeR 



= lim (p, * min{e~ Xx , n})(0) < e 1 ~ \i m [p * min{e~ Ax , n})(0) 
= e 1 ^ 1 ^ 21 lim / min{e A?/ ,n}(ii>(t/) = e 1-1 ^ 21 / e Xy dv{y) < +oo 



holds. 

Proof of Theorem 2. 

It follows from Theorem 11 and Lemma 18. 
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